We consider pion pair production in two-photon collisions, γ * γ → π + π − , at large photon virtuality Q 2 and center-of-mass energy √ s in the hard-scattering picture.
1. The two-pion distribution amplitude has been introduced in connection with pion pair production γ * γ → π + π − in the limit of large Q 2 and small s [1, 2] . This process is related by crossing to deeply virtual Compton scattering at large Q 2 and small t, which is known to factorize into a hard photon-parton scattering and a skewed parton distribution [1, 3, 4] . Hadron pair production factorizes in a completely analogous fashion into a shortdistance dominated subprocess γ * γ →or γ * γ → gg and a generalized distribution amplitude describing the soft hadronization of partons into two hadrons [5] . In Refs. [2] and [6] general properties of the two-pion distribution amplitude have been discussed. For small s it has been calculated from the instanton model of the QCD vacuum [7] .
On the other hand, in the kinematical region of large s, −t, −u, two photon annihilation into pion pairs is known to factorize into two single-pion distribution amplitudes and a hardscattering amplitude to be calculated perturbatively [8] . The case of two real photons has been treated in Ref. [9] . The authors of Ref. [10] have discussed the general situation where both photons are virtual and investigated the applicability of perturbative QCD to exclusive large-angle processes.
We are going to show that in the limit Λ 2 ≪ s ≪ Q 2 , with Λ being a typical hadronic scale of the order of 1 GeV, both factorization schemes merge. This allows us to represent the two-pion distribution amplitude of [2] in terms of the two ordinary single-pion distribution amplitudes as defined in [8] . We will show that the general properties of the two-pion distribution amplitude are satisfied in this representation, and discuss factorization properties, scaling behavior and helicity selection rules of the process.
The outline of the paper is as follows. First we will introduce our notation, define the two-pion distribution amplitude and discuss its properties. Then we show how to obtain the perturbative limit of the two-pion distribution amplitude from the hard-scattering picture and reproduce its general properties. We conclude with our summary. 
2.
We denote the momenta of the virtual and real photon by q and q ′ , respectively, and define P = p + p ′ , where p and p ′ are the pion momenta (for notation see also Fig. 1 ). Moreover, we use the quantities Q 2 = −q 2 and s = P 2 as usual. For our purpose it is advantageous to choose a frame in which both the virtual photon and the produced partons are moving rapidly in the positive z-direction. We work in the Breit frame, where after introducing the lightlike vectors v = (1, 0, 0, 1)/ √ 2 and v ′ = (1, 0, 0, −1)/ √ 2 we can write
The light-cone fraction of the quark with momentum k is defined by
and we introduce a parameter ζ, which describes how the produced pions share the total light-cone momentum P + , in the following way:
The pion momenta can be written as
where p ⊥ is transverse to v and v ′ . The on-shell condition immediately provides a kinematical constraint for ζ:
Working in the limit of large s we will henceforth neglect the pion mass. In the particular frame we are using, the minus and transverse components of p and p ′ are small for s ≪ Q 2 . The relation between the longitudinal momentum fraction ζ and the momentum transfer t is given by
We then have, up to corrections of O(s/Q 2 ),
Having introduced our notation and kinematics we now turn to a discussion of the two-pion distribution amplitude Φ q 2π for a quark flavor q. It is defined by the following matrix element of quark field operators [2] :
where the integral is over the minus component of the spatial separation of the fields.
Here we are explicitly using light-cone gauge A + = 0 for the gluon field, where the pathordered exponential of gauge fields, usually present in (8) in order to give a gauge invariant expression, can be dropped. According to [2] , factorization of the process γ * γ → π + π − means that we can write its amplitude as a convolution of a hard scattering and the twopion distribution amplitude. To leading order in α s we have
where here and in the following we use the generic notationā ≡ 1 − a. The sum in (9) is over all quark flavors. e q is the quark charge in units of the positron charge e, and λ and λ ′ respectively denote the helicities of the virtual and real photon in the Breit frame. The helicity selection rule expressed through δ λλ ′ has its physical origin in angular momentum conservation and the approximation of massless quarks in the hard scattering.
Note that the leading order expression is completely independent of the photon virtuality Q. The leading logarithmic corrections to (9) result from the evolution of the two-pion distribution amplitude. It is governed by the well-known ERBL evolution equations [8, 11] in the factorization scale µ 2 , which is naturally chosen to be of order Q 2 here. In contrast to the ordinary distribution amplitudes the two-pion distribution amplitude can in general be complex. Its imaginary part is due to final state interactions between the two pions, and to the formation of resonances and other intermediate hadronic states. Invariance under charge conjugation provides the following symmetry relation:
It was also remarked in [2] and elaborated on in [6] that the two-pion distribution amplitude may be seen as the crossed version of skewed parton distributions, which naturally appear in deeply virtual Compton scattering off pions. A powerful constraint on the ζ dependence of the two-pion distribution amplitude is that the n-th moment
. This is a consequence of Lorentz invariance and completely analogous to the so-called polynomiality condition for skewed parton distributions [12] . For the first moment one has in particular
where F π (s) is the timelike pion form factor. Our phase conventions for pion states are such that
where j µ is the electromagnetic current.
3. In Ref.
[2] the process γ * γ → π + π − was considered in the kinematical region where the squared c.m. energy s is much smaller than the photon virtuality Q 2 . We will now turn to a perturbative investigation of this process in the well-known standard hard-scattering picture [8] , where we impose s, −t, −u ≫ Λ 2 and the additional constraint Q 2 ≫ s. The scattering amplitude is given by a convolution of a hard-scattering amplitude T H and two single-pion distribution amplitudes φ π [9] :
with f π ≃ 133 MeV, where the integral is over momentum fractions x, y carried by the quarks in their respective parent hadrons (cf. Fig. 2 ). We only have to take into account the leadingFock state for each of the pions, since higher Fock state contributions are suppressed by powers of α s /s. In contrast to (9), the hard scattering in (13) thus involves only u and d quarks.
The single-pion distribution amplitudes embody soft physics, and their asymptotic form is known from the evolution equation. The general expansion of φ π upon Gegenbauer polynomials is given by
where the coefficients obey ERBL evolution [8, 11] :
and µ F is the factorization scale. We will comment later on the question of choosing this scale in our process. A phenomenological investigation of the data for the πγ-transition form factor [13] shows that the shape of the single-pion distribution amplitude is close to the asymptotic form already at low scale [14] . This is consistent with other high-energy processes of the pion (see for instance [15, 16] and references therein). Hence it is sufficient to consider small deviations of the single-pion distribution amplitude from its asymptotic form by keeping only a finite number of Gegenbauer coefficients in (14) . In order to extract the large s-limit of the two-pion distribution amplitude Φ q 2π , we proceed by explicitly calculating (13) , expanding the result in powers of s/Q 2 , and comparing the leading term with expression (9) .
The hard-scattering kernel T H , which describes the process at parton level, is given by 20 Feynman diagrams. These 20 diagrams can be obtained by particle interchange from four basic diagrams, representatives of which are shown in Fig. 2 . Note that for later use we have depicted two examples (B1, B2) for the second class of Feynman graphs.
In light-cone gauge the leading contributions from the diagrams of group B are independent of Q and proportional to 1/s. They turn out to be the dominant ones, and will be discussed in detail later on.
We now investigate the contributions from the diagrams in group A. The gluon propagator in light-cone gauge takes the form
where l is the momentum of the gluon and q ′ the one of the real photon. The iǫ in the denominator of (16) can be dropped because the corresponding singularities only occur at the end-points of the x-and y-integrations in (13) and are canceled by the end-point zeroes of the single-pion distribution amplitudes (14) . In Feynman gauge the diagrams of group A are of order 1/s. To this order, however, the extra term in the light-cone gauge gluon propagator cancels the contribution from the g µν -term. The remaining contributions to the amplitude are of order 1/Q for longitudinal and 1/Q 2 for transverse polarization of the virtual photon, and hence suppressed compared with diagrams B. This could be expected on general grounds from a similar reasoning as in deep inelastic scattering, the πγ-transition form factor [8] , or the factorization proofs of exclusive reactions [17] : a gluon which couples between hard and soft parts of the process can be eliminated by a gauge transformation to leading order in 1/Q. In Feynman gauge the gluon exchange of diagrams A does contribute to leading order and precisely corresponds to the path ordered exponential of gauge fields in the definition of the two-pion distribution amplitude.
The contributions of the cat's ears diagrams C and D are suppressed by powers of 1/Q 2 for kinematical reasons: all three internal partons have virtualities of the order Q 2 . In leading order, the hard-scattering amplitude of these diagrams is given by
where in general both −t and −u are of order Q 2 as we see in eq. (7). Hence these diagrams come at most with a factor 1/Q 2 . A more detailed argument is needed when ζ is so close to 1 or 0 that −t or −u is much smaller than Q 2 , while still being large compared with Λ 2 . This is not excluded by the kinematical limit (5) . If in addition x or y is close to its end-points the hard-scattering kernel in (17) becomes much larger than 1/Q 2 . One can however readily see that with the phase space suppression in the integrals over x and y and the end-point zeroes of the single-pion distribution amplitudes the corresponding contributions to the γ * γ amplitude (13) are again of order 1/Q 2 . The same holds for the contributions from diagrams A. Having identified those graphs that represent the leading order contributions in perturbation theory, we now proceed by discussing the graphs of group B in more detail and relating them to the scheme of Ref. [2] . The interpretation of the right-hand parts of these diagrams in terms of a two-pion distribution amplitude requires the virtualities of the quark p 2 and the gluon l in Fig. 2 to be much smaller than the dominant hard scale Q 2 , since the very essence of factorization is that, up to the logarithmic effects of evolution, the two-pion distribution amplitude is independent of Q 2 . This is indeed the case: explicitly we have p 2 2 = ys and l 2 =xys in diagram B1 and p 2 2 =xs and l 2 =xys in diagram B2. The physical picture is then the following: a scattering of hardness Q 2 produces a quark and antiquark, which on a scale Q 2 are quasi on-shell. In a second step, with typical virtualities of order s, the quark or antiquark radiates a gluon which in turn splits into a second qq-pair. Thirdly, the two quark-antiquark pairs rearrange to hadronize into two pions. In the scheme represented in Fig. 1 the second and third steps are described by the two-pion distribution amplitude. We stress that this intuitive physical picture only emerges in light-cone gauge, where the diagrams of group A are subdominant.
In the diagrams of group B the photon can couple either to a u or to a d quark. For a distinct quark flavor q there are two leading order hard-scattering amplitudes, which we denote by T q,B1 H and T
q,B2 H
, coming from diagrams B1 and B2, respectively. Each of these two terms includes the contribution from the corresponding graph obtained by permutation of the photon vertices. In case of the photons coupling to the u quark the hard-scattering amplitude for diagrams B1 reads, up to corrections of O(s/Q 2 ):
where α s depends on a renormalization scale µ R . It appears natural to take µ 2 R of order s, which is the scale of the gluon virtuality in diagrams B. By exchange of x ↔ȳ and t ↔ u in (18) . We see that to leading order the two incoming photons have the same helicity and that, consequently, the virtual photon is transversely polarized. Contributions from longitudinal polarization of the virtual photon are suppressed by 1/Q. Photons with opposite helicities contribute with 1/Q 2 . This is in complete accordance with the helicity selection rule appearing in (9) .
In order to make a direct comparison with (9), we express the amplitudes in terms of the variables z and ζ, defined in (2) and (3). To this end we change integration variables in (13) . In the case where the photons couple to the u quark we set
while leaving unchanged the corresponding other variable, x for diagrams B1 and y for diagrams B2. From the kinematical constraint 0 ≤ x, y ≤ 1 it immediately follows that
i.e. in the two-pion distribution amplitude diagrams B1 and B2 contribute to distinct intervals of z, separated by the point z = ζ. For the photons coupling to the d quark we perform analogous substitutions, keeping in mind that z is the momentum fraction of the quark in the two-pion distribution amplitude. After convoluting with the two single-pion distribution amplitudes φ π and substituting as explained, we obtain the helicity amplitude (13) in the limit Λ 2 ≪ s ≪ Q 2 :
where the first term in curly brackets originates from diagrams B2 and the second one from B1, and the integral I(z, ζ, s) is defined by
We note that in the e 2 d -term of (23) we have implicitly used isospin symmetry of the singlepion distribution amplitude, φ π (x) = φ π (x), as is embodied in (14) . Starting from (18) and the other contributions to T H it is straightforward to generalize our results to mesons without this symmetry, such as kaons. Since the factor in front of the curly brackets in (23) is odd under z →z it immediately follows that
According to our remark below eq. (13) it is also clear that there is no strange quark contribution:
We are now able to read off the expression for the two-pion distribution amplitude by direct comparison with eq. (9):
In order to extract Φ 2π , we have made an identification of the integrands, so it might be questionable whether such an identification is unique. However, the right-hand parts of diagrams B describe the two-pion distribution amplitude in any process at large invariant pion mass. In our calculation we have made an identification at fixed z, without using the particular z-dependence of the hard-scattering kernel for γ * γ → qq. Thus our extraction of the two-pion distribution amplitude is unambiguous.
We immediately see that the result (27) satisfies the condition (10) of charge conjugation invariance. To evaluate the moments of (27) we revert the variable substitutions that lead from (18) to (23), i.e. for z > ζ we setz =ζȳ, and for z < ζ we first replace x →ȳ and then set z = ζx. This gives
We see that indeed the (n + 1)-moment of the two-pion distribution amplitude is a polynomial in ζ of degree n + 1 at most. 1 For the first moment we explicitly have
In the term multiplying (2ζ − 1) we recognize the expression of F π (s) in the collinear hardscattering approximation. Together with (25) and (26) our result thus fulfills the sum rule (11) . We note that within the collinear hard-scattering picture one also finds that for large s, −t, −u but Q 2 = 0 the helicity non-flip amplitude M λλ ′ is proportional to the timelike pion form factor [9] .
From (24) we see that the two-pion distribution amplitude (27) falls off like 1/s, up to logarithmic corrections. Like for the pion form factor, such a power-law behavior is a characteristic feature of the collinear hard-scattering mechanism.
Note also that (27) is a purely real function within our phase convention, where the single-pion distribution amplitude is real. This is because the Born level hard-scattering diagrams B do not have s-channel cuts. These only occur at higher orders in α s , for instance in the self-energy corrections for the gluon. In the large-s limit the ratio of imaginary and real part of the two-pion distribution amplitude is thus suppressed by α s .
Restricting ourselves to the asymptotic form of the single-pion distribution amplitude as an example,
and taking an x-independent renormalization scale, the two-pion distribution amplitude takes the following form:
It is useful to introduce the C-even and C-odd parts of Φ
which project on the π + π − system in states of definite C-parity. By virtue of (10) the C-even part Φ q,+ 2π (z, ζ, s) is odd under z ↔z, while Φ q,− 2π (z, ζ, s) is even under this exchange. Figures 3 and 4 show the C-even and C-odd parts of the two-pion distribution amplitude (31). The result (31) can easily be extended to more complicated single-pion distribution amplitudes. Using standard integrals it is possible to find the analytical form of the twopion distribution amplitude including an arbitrary number of terms in the expansion (14) . For the a 2 -term for instance the integral (24) reads one adds to (18) the contribution from diagrams B2, hence no divergence is encountered in the γ * γ amplitude given by (13) . We have however made different variable substitutions in T u,B1 H and T u,B2 H in order to extract the two-pion distribution amplitude, and after this the cancellation no longer takes place.
Physically, the point z = ζ corresponds to the situation where one of the intrinsic quarks in a pion carries all of the pion's momentum whereas the other quark has zero fourmomentum, cf. eqs. (19) and (20). Of course, such a situation is unphysical and due to the limit of massless partons in combination with the collinear approximation employed when calculating the hard-scattering amplitude. The singularity in Φ 2π (z, ζ, s) is a particular manifestation of the end-point singularities one encounters in the collinear hard-scattering approach, a problem that has been hotly debated for years [18] . In many applications, such as the γ * γ amplitude M λλ ′ , these singularities are canceled by the end-point zeroes of the distribution amplitudes φ π , and the result is finite. Note, however, that if s is not large enough this result is strongly sensitive to the end-point regions, where the collinear approximation breaks down and perturbative QCD cannot be reliably used because the particle virtualities are small. In the case of the two-pion distribution amplitude the situation is even worse, since for z = ζ not all end-point singularities are canceled. For z close to ζ the collinear hard-scattering approach can thus not be applied to the hadronic matrix element Φ 2π (z, ζ, s) itself.
In order to understand this point on a more quantitative level, let us introduce for the moment a regularization for the integral (24) that cuts off the region where the longitudinal parton momenta are soft, i.e. where x orx are smaller than Λ 2 /s. Thus we replace the integration limits 0 and 1 in (24) by r Λ 2 /s and 1 − r Λ 2 /s, respectively, where r is a parameter that can be varied in order to investigate the sensitivity to the cutoff. In the limit z → ζ the integral generates a logarithmic singularity ∝ ln(Λ 2 /s) which cancels the logarithm in the running coupling α s . One is thus left with an expression at leading-power level 1/s that formally is not of order α s . This should be taken as an indication that in the limit considered the two-pion distribution amplitude (27) is still sensitive to soft physics which cannot be accounted for in the standard hard-scattering picture. As already explained, in the γ * γ amplitude the logarithmic singularity drops out after integration over z in (23), and our cutoff procedure only yields true power corrections of order Λ 2 /s, which go beyond the accuracy of the hard-scattering approximation and can be neglected for sufficiently large s. Setting Λ = 1 GeV, r = 1, and taking the asymptotic single-pion distribution amplitude (30) we find for example at s = 20 GeV 2 that M λλ ′ decreases by 10% compared with the result for no cutoff. A similar suppression of the amplitude arises when the endpoint regions of the z-integration in (23) are cut off.
In Figs. 3 and 4 we show the results of our cutoff regularization for the two-pion distribution amplitude, with Λ = 1 GeV and different values of r. We see that the results are sensitive to soft physics around z = ζ, and become stable when z is sufficiently far away from ζ. From our discussion above it is natural to expect that the hard-scattering calculation becomes reliable when |z − ζ| is large compared with Λ 2 /s. Let us finally comment on the question of factorization scales. At which scale the singlepion distribution amplitudes in (23) and (24) should be taken is a priori not clear, since there are two large scales s and Q 2 present in the hard-scattering diagrams. Likewise there is the question of the factorization scale in the two-pion distribution amplitude we have identified. The answer would require an analysis of the α s -corrections to the diagrams we have calculated here. Notice that at that level the two pions can not only originate frombut also from a gluon pair, and that the ERBL evolution of the two-pion distribution amplitude for quarks mixes with the one for gluons [2] . One does therefore not expect a simple relation between the factorization scales of φ π and of Φ 2π in (27). We also note that our results in Figs. 3 and 4 , obtained with the asymptotic expression of φ π (x), are far away from the asymptotic form of the two-pion distribution amplitude, whose z-dependence is given by Φ 
To summarize:
We have shown how to obtain the two-pion light-cone distribution amplitude in the perturbative limit, where both squared c.m. energy s and photon virtuality Q 2 are large such that Λ 2 ≪ s ≪ Q 2 , where Λ is of the order of 1 GeV. Working in the collinear hard-scattering picture we have identified the diagrams with handbag topology as the leading Feynman graphs and expressed the two-pion distribution amplitude in terms of the ordinary single-pion distribution amplitudes. Using light-cone gauge, we have explicitly checked that a gluon attached to the hard part of these diagrams leads to a suppression by a factor 1/Q. This is in accordance with general theory, where it is well known that contributions from transverse gluons are power suppressed, whereas scalar and longitudinal gluons can be eliminated by choosing an appropriate gauge. In this approach we have been able to reproduce the scaling behavior and helicity selection rule of the process. We have verified the charge conjugation relation and the polynomiality condition for the two-pion distribution amplitude, and that its first moment equals the timelike pion form factor. Like the latter, our two-pion distribution amplitude falls like 1/s, and to leading order in α s is purely real.
Using expression (31) for the two-pion distribution amplitude we can write the amplitude for the process under consideration in the following simple form:
where ζ must be sufficiently far from 0 and 1 to ensure −t, −u ≫ Λ 2 . We are aware that, at this stage, the investigations presented in this work are above all theoretically motivated, since it will be difficult to obtain experimental data for the process γ * γ → π + π − in the kinematical region we have considered. However, we have seen how two different types of factorization merge in the region where they are both applicable, and know the form which any model two-pion distribution amplitude, for instance the one proposed in [7] , has to approach at large s.
